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Abstract. In this paper, new families of quadriphase sequences with 
larger linear span and size have been proposed and studied. In particu- 
lar, a new family of quadriphase sequences of period 2" — 1 for a pos- 
itive integer n — em with an even positive factor m is presented, the 
cross-correlation function among these sequences has been explicitly cal- 
culated. Another new family of quadriphase sequences of period 2(2" — 1) 
for a positive integer n = em with an even positive factor m is also pre- 
sented, a detailed analysis of the cross-correlation function of proposed 
sequences has also been presented. 



1 Introduction 

Family of pseudorandom sequences with low cross correlaton and large linear 
span has important application in code-division multiple access communications 
and cryptology. Quadriphase sequences are the one most often used in practice 
because of their easy implementation in modulators. However, up to now, only 
few families of optimal quadriphase sequences are found [T] . 15161718191101111121 . 

Among the known optimal quadriphase sequence families, the most famous 
ones are the families A and B investigated by Boztas, Hammons, and Kummar 
in[S]. The family A has period 2" — 1 and family size 2" -f- 1, while the two 
corresponding parameters of the family B are 2(2" — 1) and 2"~^, respectively. 
Another optimal family C was discussed in [TO], and this family has the same 
correlation properties as the family B. Families S{t) were defined by Kumar et.^, 
and when t = or m is odd, the correlation distributions of families S{t) are 
established by Kai-Uwe Schmidt[7]. Tang, Udaya, and Fan generalized the family 
A and proposed a new family of quadriphase sequences with low correlation in 
|12j . By utilizing a variation of family B and C, Tang and Udaya obtained the 
family V, which has period 2(2" — 1) and a larger family size 2"[5]. Recently, 
Wenfeng Jiang, Lei Hu, Xiaohu Tang, and Xiangyong Zeng proposed two new 
families S and U of quadriphase sequences with larger linear spans for a positive 
integer n = em with an odd positive factor m. Both families are asymptotically 
optimal with respect to the Wech and Sidelnikov bounds. The family S has 
period 2" — 1, family size 2" -I- 1, and maximum correlation magnitude 2"2 -|- 1. 
The family U has period 2(2" — 1), family size 2", and maximum correlation 
magnitude 2t~ -|- 2 [1]. 
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In this paper, motivated by the constructions proposed in [1|2|3|4|6| . the new 
famihes of quadriphase sequences with larger hnear span and size have been pre- 
sented. As a special case of the sequence families, a new family of quadriphase 
sequences of period 2" — 1 for a positive integer n — em with an even positive 
factor m is presented, the cross-correlation function among these sequences has 
been explicitly calculated. Another new family of quadriphase sequences of pe- 
riod 2(2" — 1) for a positive integer n — em with an even positive factor m is also 
presented, a detailed analysis of the cross-correlation function of proposed se- 
quences has been presented. The sequences have low correlations and are useful 
in code division multiple access communication systems and cryptography. 

This paper is organized as follows. Section 2 introduces the preliminaries 
and notations. In section 3, we give the constructions and properties of the new 
sequences families C and V with period 2" — 1. The constructions and correlation 
properties of the new sequences family W with period 2(2" — 1) are presented in 
section 4. The conclusions and acknowledgement are presented in section 5 and 
6 respectively. 

2 Preliminaries 

2.1 Basic Concepts 

Let a = {a{t)} and b = {b{t)} be two quadriphase sequences of period L, the 
correlation function Ra,b{j) between them at a shift 0<t<X— lis defined by 

i?,.,(r) = Xi^"^*^"'^*^'^ 
t=o 

where = —1. 

Let be a family of M quadriphase sequences 

J- {a, = {a{t)} ■.l<i<M}. 

The maximum correlation magnitude Rmax of J- is 

Rmax = max{|i?a.,a,(T)| : 1 < i,j <M, iy^j or 0}. 

2.2 Galois Ring 

Let Z4[x] be the ring of all polynomials over Z4 . A monic polynomial /(x) G 
Zilx] is said to basic primitive if its projection /(x) 

f{x) — f{x) mod 2 

is primitive over Z2[x]. 

Let f{x) be a basic primitive polynomial of degree n over Z4, and Z4[x]/ {f{x)) 
denotes the ring of residue classes of polynomials over Z4 modulo f{x). It can be 
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shown that this quotient ring is a commutative ring with identity called Galois 
ring, denoted as Gi?(4,n) 11 . As a multiplicative group, the units GR*{A,n) 
have the following structure: 

Gi?*(4,n) = Ga<»Gc 

where Gc is a cyclic group of order 2" — 1 and Ga is an Abelian group of order 
2". Naturally, the projection map a from Z4 to Z2 induces a homomorphism 
from Gi?(4, n) to finite field Gi^(2"). 

Let (3 £ GR* (4, n) be a generator of the cyclic group Gc , then a = /3 is a 
primitive root of G-F(2") with primitive polynomial f{x) over Z2. 

For each element x G Gi?(4, n) has a unique 2 — adic representation of the 
form 

X = xo +2x1, xo,xi e Gc- (1) 

Let n = em, The Frobenius automorphism of Gi?(4, n) over Gi?(4, e) is 
given by 

(t{x) — Xq + 2x\ 

for any element x expressed as ([IJ, and the trace function Tr" from GR{4,n) 
to Gi?(4, e) is defined by 

Tr^(x) = X + a{x) + a^{x) + ■■■+ a'^^^x) 

where (t'^{x) = (j^^^{(t{x)) for 1 < i < to — 1. 

Let GF{q) is the finite field with q elements, tr'^{x) is the trace function from 
GF(2") to Gi^(2'=), i.e., 

tr'^(x) = X + x^' + • • • - x^'*'^"" , X € GF(2"). 

We have Trf{x) = tr^(x), where x G Gi?(4, n). 

Throughout this paper, we suppose (1) n = em with e > 2 and to > 2,(2) 
A G Gi?(4, e) such that A G GF(2'=) \ {1, 0}. 

2.3 Linear Span 
Let 

r 

fix) = Trn(l + 2a)x] +2^Tr5''(A,x''-),a G Gc,A, G GF(2"0,a; G Gc, 

1=1 

where is a coset leader of a cyclotomic coset modulo 2"* — 1, and ni\n is the 
size of the cyclotomic coset containing Vi. For sequence a — {a,} such that 

a,=/(/3),i = 0,l,2,-.. 

where /3 is a primitive element of Gc • 

Linear span of a sequence a is equal to n + J2i Ai^o ' '-'^ equivalently, the 
degree of the shortest linear feedback shift register that can generates a [114] . 
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3 New Quadriphase Sequences with Larger Size and 
Linear Span 



Define a function P{x) over G'i?(4, n) as 

f E Tr5'(x2-+1) + T^ie(^2- + l)^ ^ ^ 21, 
P{x) = <^ 

For any x,y E GR{4, n), it is easy to clieck tliat |ll2l5] 

2P{x) + 2P{y) + 2P{x + y) = 2Tr1[y{x + Tr'^{x))]. (2) 

ft 

Definition 1. Let p he an integer such that 1 < p < [—J , a family of quater- 
nary sequences of period 2" — \, C = {si{t) : < t < 2" — 1, 1 < i < 2^*" + 1} is 
defined by 

[ Tr^' [(1 + 2A^)/3*] + 2 Y.tX Tr'^i\lP'^^+^''^) + 2P(A/3*), l<i< 2"", 
s^W = { 

[ 2Tr\'{(3*),i = 2^" + 1 
where {(Xq, X\, ■ ■ ■ ,Ap_]^),i — 1,2,- •• ,2''"} is an enumeration of the elements 
of Gc X Gc X • • • X G(7, P is a generator element of group Gc- 

Lemma 1. All sequence in C are cyclically distinct. Thus, the family size of C 
is 2"'' + 1 . 

Proof. The proof of lemma 1 is similar to the proofs of Lemma 1 and Lemma 6 
in [1], we cancel the details. 



3.1 The Correlation Function of the Sequence Family 



(1) Suppose Si,Sj,l < i,j < 2P^, are two sequences, the correlation function 
between st and Sj is 

,.{t) = ^ ^Tr-[(l+27'-(l+27^)5)x]+2EE;T'-r('7fc^'+''")+2(P(Aa.)+P(AM) „ 1 

xeGc 

(3) 
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where ^ = r 7^ 0, A| - 6^+^' = r]k,k = 1, 2, • • • , p - 1. 
(i?,„,,(T) + l)(i?,.,,^.(r) + ir 

= ^ ^ ^Trr[(l+27'-(l+27g)5)x+2E?ljTrr(r,fexi+^')+2(P(Ax)+P(A5x))] 

seGcveGc 

_^_Trn(l+27^-(l+27g)5)!/+2E^Iirr;^('7fc!/'+''°)+2(P(Ay)+P(A5j/))] 



. .Tri"((l+27^-(l+27^)5)(x+3!/)) 



x6Gc j/6Gc 



.(^2EC}Trr[%(xi+= )]+P{\x)+Pi\Sx)+P{Xv)+Pi\Sy)] 



^ ^rrJ((Zi(x+3j/))+2(X;^liTrn%(x^+= )]+P{Xx)+P{\Sx)+P{\y)+P{\6v)) 

xeGc yeGc 



^ ^ £^rr;»(^^)+2[E^lirrn%((!/+2+2v^)^+^"+S/i+^")]+2Tr;^(4v^) 



• U) 



2P{X{y+z+2^))+2P{X5{y+z+2^))+2P{Xy)+2P{\5y)] 



= ^ W-^^^) i_j2[TrY(y(A^z))+v(y,z)] 
zeGc yeGc 
where Z\ = 1 + 27^ - (1 + 2^1)6, x = y + z + 2^, 
cl>{z) = Tr^{Az) + 2[P{\z) + 2P{X5z)] + 2 Y^Vi Tr^iVkZ^^^"), 

v{y, z) = T.C\ Tr^iVkiiy + z + 2^)^+^" + + z^+^")] + P{X{y + z+ 

2^)) + P{XS{y + Z + 2^)) + P{Xy) + P{Xbz) + P{Xz) + P{X5z). 
Then, by (2), we have 

p-\ 

2v{y, z) = 2Tr^[Xy{Xz+Tr^,{Xz))+X5y{X5z+Tr:{X5z))]+2Tr^ Y^^kizy^" W y)] 

p-1 

= 2Tr^[y{X''z + XTr^{Xz) + X'^S^z + X6Tr^{X6z) + + Vkz''"))]. 

k=l 

Define 

L{z) = 6tr^{5z)+tr:{z) + -,{X' + l){s' + l)z + ^J2('^f''z-'''+ri,z''), (4) 

^ ^ k=l 
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where z e GF(2^'-), then L{z) is a linear equation over GF{2'^). 

For L{z) = 0, we have to count the number of solutions in the equation 

1 _ _ 1 '""^ 

A,-l 

for given 77, 's in GcA e Gc such that A G GF(2'=)\{0, 1}, and 5 G Gi^(2")\{0}. 

It is easy to verify that ^(A^ + l)(f + l)z + ^ Efc=i(^fe ^"^"^^ + Vk^^") 
is not a constant polynomial of z, and the maximum number of solutions of 
equation L{z) = is at most 22(''-i)+2e. Thus 

re + 2(p-l) + 2e 

|i?...,(r) + l|<2 ^ . (6) 

(2) If 1 < i < 2''" and j = 2"^ + 1 are two sequences, then the correlation 
function between Si and Sj is 

R , > = V ^T'-n(l+27l-25)x]+2 5:^ljTrJ'(A^a;i+2'°)+2P(Ax) _ -|_ 

Si,Sj{T) / J 1 

x^Gc 

similar to analysis above, the equation (|4]) become the following equation. 

L{z) = ^J^z + Kiz) + 1 £((11)-%-^ + Xz^'). 

X k=l 

Thus 

Ti + 2(p-l) + e 

|i?s.,.,(r) + l|<2 ^ . (7) 

(3) If I = j = 2''" + 1, then Si is essentially a binary m— sequence, Then 
Rs„s,{t) = -1 forr^O. 

(4) Suppose that Si,Sj, 1 < i,j < 2^*", are two sequences, then 

xeT 

similar to the analysis above, we have 

|i?s.,s,(o) + l|<2^^^. (8) 

It seems difficult to get tighter bound for inequality®-®, thus we propose the 
following open problem. 

Open problem:For n = em , how many solutions exist exactly for the equation 
© over finite field GF(2"). 

Following the discussion above, we have the following theorem. 

Tl 

Theorem 1. For n = em and an integer p such that 1 < P < L'^J; proposed 
quadriphase family has 2"^ + 1 cyclically distinct binary sequences of period 
2" — 1. The maximum correlation magnitude of sequences is smaller than 1 + 

7x + 2(p-l) + 2e 

2 2 . Therefore, the sequences family constitutes a (2" — 1,2"'' + 1, 1 + 

Ti + 2(p-l) + 2e 

2 2 j quadriphase signal set. 
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3.2 Linear Spans of the Sequence 

In order to express clearly, let 

s{Xo, A, t) = Tr?[(l + 2Ao)/3*] + 2 Tr? (Afe/3*(i+2'')) + 2P(A/3*), 
where A — (Ai, • • • , Ap_i). 

We divide the set A = {1,2, - ■ ■ , p ~ 1} into two sets A and B such that 

A = A[jB, where A = {fee + r : 1 < A; < [^^J , < r < e}, S = {/ce : 1 < 

Theorem 2. (l)Consider a sequence represented by s{Xo,A,t) where j Aj's wit/i 
i (E A m yl = (Ai,--- ,Ap_i) are egwaZ and I Xi's with i B in A = 
(Ai, • • • , Ap_i) are equal to X.Let LSj^i{p) be the linear span of the sequence. Then 

LSM = "(^^ + P - 1 - L^J + i-j-i),o<j<\A\,o<i<\B\. 

and there are j ){ 1 )2"' {2"' — iy~^~^~'' sequences having linear span 
LSj,i{p). 

(2) The linear span of the sequences S2np+i(t) is n. 

Proof. First, consider the linear span of sequences with m is odd. A sequence 

11 1 ir*^"! 1 
constructed above has a total or — \- p—1— [ J + 1 trace terms and 

each trace term has the linear span of n. \ij A's with i & Ain. A = (Ai, • • • , Xp-\) 

are equal to 0, and I Ai's with i £ B m A = (Ai, • • • , Ap_i) are equal to A , 

it has h p — 1 — I I + 1 — 7 — ^ nonzero trace terms and the corre- 

2 e 
sponding linear span of the sequences is given by 

LSM = ^(^^ + P-1- L^J + 1 - i - 0, < i < |A|,o < / < \B\. 

Since (1) j A^'s with i E A are and {\A\ — j) X 's arc nonzero, (2) I A^'s with 

2^ + 1 2^ + 1 

i G B are A and (|iJ| — I) A^'s are not equal to A , (3) the number of Aq 
is 2". Therefore, the number of corresponding sequences given above is 

(''-'tL'^J)(2" - l)P-i-L^J-J- . (LyJ)(2" - 1)L^J-' . 2" 

= {''~]~^'^^) ■ (^'^^)2"(2" - 

Applying this result to each j and each /, we obtain the linear span of the 
proposed sequence. Using a similar approach to the odd case, we see that the 
linear span of both sequences is same. 
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For the sequences families above, some special conditions had already been 
discussed, for example, the case with n = em, where m is an odd, and p = 1 had 
been discussed in [I] . In the following, we will discuss another special case with 
n — em, where m is an even, and p = 1, we call this special sequence family as 
family V. 

3.3 Correlation Function of the Sequence family for even m and 
p= 1 

li p — 1, then the equation ([5|) becames 



6Tr:(Sz) + Tr:{z) + + + = 



In the following, we study the solution of the equation 
Let Tr'^iSz) = a, Tr^{z) = b, then 



A^ Sa + b 
X +15 +1 



By computing Tr^{z) and Tr"{Sz), we have 



(9) 



aTr-{^) + b[Tr[H^) - 

5+1 5+1 A 



5+1 X 5+1 



= 



(10) 



The determinant of corresponding coefficient matrix of ([T0|) is equal to 

-2 



5 +1 



X 1 + 5 



2 

(1) If Tr"( =) 7^ — ^ — , then the determinant of coefficient matrix (ITU)) is 

1 + -^ A" . 

not equal to zero, the equation (jlOp has unique solution a = 0, 6 = 0, then z = 0. 

2 

(2) If Tr"( =) = ^ — , then the determinant of coefficient matrix (ITOl) is 

equal to zero, 

2 

aTr^ij^) + aTr-i^) + 6[TC(=^) - = 0, 

'5 + 1 5+1 5+1 X 
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thus a — b, the equation pOj) has 2*^ sohitions, then z = =^^=-|-j-a. 



2F(Az) + 2P(X5z) ^2j2Tri[(Xzf'+^ + (X5zf^'+^] + 2Tr[^[(\xf'+^ + {JSzf'+^] 

~{ l + A 1 + 1 + A l + 

l + A l + fJ 1 + A 1 + '^ 



(5 l + 



1 + a' fr{ + 



1+0 1+0 

2Trl[i^,f{Tri^l + Tr:i—=))] 
1 + A 1 + ^^ 

'2rrlH^), for odd I, 

2TrV'(^), for even I. 
Thus, = Tr5^(ziz) + 2[P(Az) + P(A(5z)] 

' 2Trl'[(7^ + {% + 1)^+ ^)z], for odd I, 

[ 2Trn{% + {% + 1)^+ fy^]^ for even I. 

Because the solutions space of equation (9) is a linear subspace, following the 
discussions above, we have 

Theorem 3. form is even, p — 1, the nontrivial correlation function of the pro- 
posed sequences family V takes values m { — 1, —1 + 2"? , —1 + 2^^, — 1±2~2- ^ —1 + 
2t^w}. 

4 Quadriphase Sequences with period 2(2"^ — 1) 

Similar to the |lT2j , for an even m, we propose the following sequence family, the 
correlation function of the sequences family is calculated. 

In this section, let G — {771, ?72,''' ,'72'>-i} be a maximum subset of Gc 
such that 2rii ^ 2(77^ + 1) for arbitrary I < i,j < 2"^^. By convention, denote 

= . We present another family of quadriphase sequences with period 

2(2" - 1) as follows. 
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Definition 2. A family W of quadriphase sequences with period 2(2" — 1) is 

defined as W = {ui{t),Vi{t) : < i < 2"^^} is given by 

1) 

( Trl'iil + 277,)/?*°] + 2F(A/3*"), t = 2io 

[ Tr^f [(1 + 2(7/, + + 2P(A/3*o+5),t = 2to + 1 

for < i < 2"^^, where rji € G. 

^; 

r Tr5'[(l + 2r],)l3'"] + 2P(A/3*°) + 2, t = 2t„ 

[ Tr5'[(l + 2(77, + + 2P(A/3*«+^),t = 2to + 1 

for <i < 2"^^, w/iere yy^ e G. 

Theorem 4. f/ie correlation functions of the family W satisfy the following 
properties, z/r = 2" - 1, then i?„,,„^. (t) = -2, i?t,;,t,^. (t) 2, i?„,^„^(T) = 0. 
if T = 0, then Rui,vj{T) = aTirf 

R , , r2(2"-l),^=J 

3)If r = 2ro + 1 7^ 2" - 1, t/ieTi 

a) Ru,,u, (t) tafces waZues iti {-2, -2 ± 2^+1, -2 ± 2^+^}, 

b) Ry.^y^ (r) takes values in {2, 2 ± 2^+\ 2 ± 2^+^}, 

c) Rui,vj{T) takes values in {±.2^^^uj,±.2~^^^lj}. 

4)IfT — 2ro and To 7^ 0, t/icTi 

a) (r) tafces wa/wes iti {-2, -2 ± 2^+\ -2 ± 2^+^}, 

6) Rvi,v,{T) takes values in {-2, -2 ± 2^+\ -2 ± 2^+^}, 
c) Rui,vj{T) takes values in {±.2^'^^oj,±.2~^^^uj}. 
Proof. In order to analysis easily, let 

^(71, 72,^)= ^ ^Tr'i[(^+'^li-(^+'^l2)S)x]+2(P{\x)+P(\5x)) _ ^-^^^ 

xeGc 

It is easy to check that <j (71 + 1 , 72 , (5) — <j (71 , 72 + 1 , 5 ) * , where * denotes complex 
conjugate. 

Similar to [1], the following facts can be easily checked. 
1) if r = 2to + 1, then 

Rui.uj (t) = <^(77i, rjj + 1,6) + <;(77i + 1, r]j,d) - 2, 
Rvi,vj{T) = + 1,^) - "^{ni + ^,ri.j,5) + 2, 

Rui,Vj{T) = <j(77,,77j +1,5)- ^(77, + l,7/j,5). 
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2) if r = 2ro, then 

Rvi,v, (t) = <r(77i, + 1, (5) + <r(?7,: + 1, ly, S) - 2, 
Rui.vjir) ^ -^(rii,r\j + 1,(5) + <?(77i + l,?7j,'5)- 

Due to (|3|). (|lip and the theorem 3, the theorem 4 is proved. 

Similar to the proof of the theorem 2 above, or the proof of theorem 3 and 
theorem 7 [1 the following theorem is obtained. 

Theorem 5. the linear spans of the sequences in W are given as follows 

Tiiji ~\~ e) 

(1) For Ui G W, the linear span LS{ui) of Ui is given by LS{ui) = . 

2e 
Tiin ^ c) 

(2) For Vi £ W, the linear span LS{vi) of is given by LS{ui) — h 2. 

2e 

5 Conclusions 

In this paper, we have proposed the new families of quadriphase sequences with 
larger linear span and size. The maximum correlation magnitude of proposed 
sequences family is bigger then that of the related sequence in pj , and is smaller 
than that of the related binary sequences family in [213] with same parameters. 
The proposed two families of quadriphase sequences with period 2" — 1 and 
2(2" — 1) respectively for a positive integer n — em where m is an even positive 
can be take as an extensions of the results in [T] where m is an odd positive. 
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